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An iterative analytical theory in the mechanics of layered composite systems is developed. The prehistory of the

nonclassical theory of layered systems is presented. The division of this theory into two principal directions — dis-

crete-structural and continuous-structural — is mentioned. The basic iterative Ambartsumyan theory, which

belongs to the second direction, is described. The formation of the generalized iteration theory of first approxi-

mation is shown. In this theory, the disagreement between the kinematic and static models is removed, i.e., a

generalization of these models is realized. The theory of second approximation is described. An iterative prin-

ciple is presented for the formation of a higher-approximation nonclassical theory. Based on this principle,

theories of anisotropic composite shallow shells, plates, and beams are formulated. Comparative calculation

results for different layered composite systems are presented.

Introduction. Layered composite systems have appeared in connection with the demand for strong and, at the same

time, lightweight constructions, primarily in aircraft industry. Two aspects of the initial period of purposeful creation, applica-

tion, and development of a theory for calculating such systems can be distinguished.

The first aspect deals with a layered wood material — plywood. This material was used for aircraft skins at an early

stage of development of aerospace engineering. Its rational application required theoretical conceptualization and the elaboration

of a theory for anisotropic structures. Later, the wood itself, as a natural material, and plywood served as prototypes of manufac-

tured materials — layered composites on a polymer, metal, carbon, or organic basis (glass-reinforced, metal-reinforced, car-

bon-reinforced, aramid-reinforced plastics, and so on). These materials differ in their microstructural composition. Further de-

velopment of the theory of anisotropic structures, including layered ones, is connected with the application of such materials.

The second aspect deals with three-layer systems (rods, plates, and shells), which consist of thin strong rigid outer

(load-carrying) layers and a lightweight low-rigidity interlayer — the core. To calculate these systems, a special theory — the

theory of three-layer structures — was formulated. Initially, plywood and aluminum were utilized as load-carrying layers, but

later on they were replaced by modern layered composites. This situation led to the development of a universal theory of lay-

ered composite systems, which made it possible, from a common standpoint, to estimate their stress-strain state and to calculate

both microstructural and macrostructural constructions, including their combinations.

The general problem in the mechanics of layered composite systems is the necessity for taking into account their com-

pliance in transverse shears and the effect of transverse tangential stresses. The first rigorous solution of the problem on tangen-

tial stresses in beams was given by Saint-Venant in his study on bending “Memaire sur la flexion” (1856). In that study, the ap-
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proximate solution of the problem obtained by D. I. Zhuravskii in 1844-1855 and published in 1855 was appreciated. Since

then, this solution has been successfully used in engineering practice.

A direct account of transverse shears in the bending theory was first realized by S. P. Timoshenko [1]. In solving the

problem on vibrations of beams, he introduced an additional rotation angle of transverse cross sections to take into account the

effect of shear strains. Later on, this model was considerably generalized in the theory of homogeneous and layered bent struc-

tures. Thus, the beginning of the so-called nonclassical theory, or the Timoshenko-type theory, was marked. The early investi-

gations in this field include the studies by S. G. Lekhnitskii [2] (calculation of composite two-layer beams) and E. Reissner [3,

4] (the theory of homogeneous and three-layer plates).

In the first studies on the theory of three-layer plates in the Soviet Union (A. P. Prusakov [5] and E. I. Grigolyuk and

P. P. Chulkov [6-9]), this theory was generalized to multilayer systems. The theory of reinforced layered media was constructed

by V. V. Bolotin [10], and its comprehensive representation was given in his monograph (together with Yu. N. Novichkov) [11].

A significant contribution to the development of the theory of composite materials and structures was made by

A. K. Malmeister, V. P. Tamuzh, and G. A. Teters [12]. Problems on the mechanics of composite materials and structures were

considered in the monograph by A. N. Guz’ and co-authors [13]. These problems were also discussed in the studies by

R. Christensen [14], B. E. Pobedrya [15], V. V. Vasil’ev [16], etc., and in the reviews by E. I. Grigolyuk and I. T. Selezov [17],

where the term “nonclassical theory” was introduced.

By the middle of the second half of the past century, as a result of elaboration of the theory for calculating layered com-

posite systems in the two aspects mentioned, two basic directions were outlined. Their statements are given in the review by

E. I. Grigolyuk and F. A. Kogan [18]. The first direction is the generalization of the theory of three-layer systems to multilayer

systems. The corresponding equations are deduced by applying kinematic hypotheses to each individual layer, as a result of

which the order of the system of equations depends on the number of layers. The second direction is the generalization of the

theory of homogeneous structures to multilayer systems, where the equations are deduced based on hypotheses applied to the

entire package of layers. In this case, the order of the equations does not depend on the number of layers. According to the ter-

minology suggested by the present author and adopted in the review by A. A. Dudchenko et al. [19], these directions were

called discrete-structural and continuous-structural theories, respectively. According to the review by J. Reddy [20], they are

named layerwise and equivalent-single-layer theories.

In this study, we will consider the theories of the second direction. Beginning with studies by S. G. Lekhnitskii, which

are generalized in the monograph on the theory of anisotropic plates [21], and S. A. Ambartsumyan [22, 23] in the theory of

anisotropic shells, including layered ones, this direction was originally developed based on the classical Kirchhoff–Love hy-

potheses for the entire layer package. As indicated in [18], such a theory is valid “... for isotropic and weakly anisotropic shells

with layer stiffnesses of the same order of magnitude.”

The modern nonclassical continuous-structural theory of layered composite systems was formulated based on a com-

bination of

— an idea of the classical theory according to which the layered heterogeneous system is reduced to some

quasi-homogeneous system and

— hypotheses on transverse shear and compression strains and the corresponding stresses carried over from different

variants of the nonclassical theory of homogeneous structures or obtained as a consequence of the classical theory.

It is exactly the latter assumption that initiated the development of the iterative approach to constructing nonclassical

models of the theory of layered composite systems. For the first time, this assumption was formulated by S. A. Ambartsumyan

in [24], where he suggested a “partially refined, or iterative, theory of anisotropic shells.” Thereupon, a “new iteration theory of

anisotropic shells (plates)” was elaborated [25].

A comprehensive presentation of the Ambartsumyan iterative theories is given in his monographs [26, 27].

In the present paper, we will trace the development of the iteration theory of layered composite systems (shells, plates,

and beams) from the studies of S. A. Ambartsumyan up to the last publications in this field of research.

The initial iteration theory and original studies. The idea of the Ambartsumyan iteration theory consists in the fact

that the transverse tangential and normal stresses obtained in the classical theory from the equilibrium equations of elasticity
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theory are further used for deriving the respective transverse shear and compression strains, which are utilized as a basis for the

hypotheses of the refined nonclassical theory. Thus, whereas the classical theory is formulated with the assumption that such

strains are absent [the kinematic (geometrical) Kirchhoff–Love hypotheses], the refined iteration theory reckons with them al-

ready at the stage of hypotheses. Accordingly, all relations and equations of such a theory take into account these deformations.

S. A. Ambartsumyan writes [27]: “If the classical theory is treated as a zero approximation, the new (iterative) theory

can be regarded as a subsequent first approximation. Naturally, the iteration process described here can also be realized for sub-

sequent approximations.”

We should note that this iteration process is realized analytically, i.e., it must be distinguished from the iterative proce-

dures used, for example, to solve systems of algebraic equations.

The Ambartsumyan iteration theory is based on the following expressions of the classical theory for transverse tan-

gential and normal stresses:
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where z z z1
1

2
� �� �( )and z z z2

1

2
� �� �( )are load functions on the external surfaces, �0 ( , )x y and � 0 ( , )x y are functions

that describe the transverse forces and are defined in terms of deflections w x y0 ( , ) obtained from the classical theory.

The transverse shear exz
0 , e yz

0 and compression ez
0 strains, which are obtained from Hooke’s law for anisotropic bodies,

are also expressed in terms of the function w x y0 ( , ). Then, by integrating the Cauchy relations, at the given hypotheses (transverse

deformations), the tangential displacements u x y zx ( , , )and u x y zy ( , , )are determined, which prove to be nonlinearly dependent

on the transverse coordinate z. After that, the strains ex , e y , and exy are found from the Cauchy relations and the respective

stresses �x , � y , and �xy are determined according to Hooke’s law. The transition, as in the classical theory, to internal forces

(bending moments and torques M x , M y , and M xy and transverse forces Qx and Q y) and the use of equilibrium equations lead

to a resolving differential equation of fourth order (for plates) in the sought-for function w x y( , ). The left-hand side of this equa-

tion is not different from the equation of classical theory. The correction for transverse shears and compression occurs in the

right-hand side of the equation — in the “load” term expressed in terms of the functions w x y0 ( , ), which are found by solving

the equation of classical theory.

The sequence of deducing equations of the iteration theory (the theory of first approximation) was retained by other re-

searches who employed the ideas of this theory. However, some other assumptions were introduced in writing hypotheses. The

main difference is that only the distribution laws for transverse tangential and normal stresses along the normal z, which are

connected with the required functions of type �( , )x y and �( , )x y , are used in these hypotheses. In other words, in Eqs. (1) and

(2), the known functions �0 and � 0 , which are associated with deflections of the classical theory, are replaced by arbitrary

sought-for functions �and �. On retention of all the subsequent procedure, this leads to principally new resolving equations —

to a system where unknown are the functions w, �, and �. Actually, with this approach, we come to the general refined

Ambartsumyan theory [26, 27], in which the function f z( )— a quadratic parabola that characterizes changes in the transverse

tangential stresses across the plate thickness — is found according to the classical theory.

It is noteworthy that the Ambartsumyan theory utilizes a system of tractions and static equations in forces which do not

differ from those used in the classical theory. Nevertheless, the system of resolving equations has a higher — compared with the

classical theory — order (the sixth for a plate and the tenth for a plane shell). For a plate, this order is the same as in the Reissner

theory of medium-thick plates [3]. This theory typically contains an equation of the vortex effect, which A. L. Gol’denveizer

called the “Reissner equation” [28].
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Among the first studies where the Ambartsumyan theory was applied to layered plates and shells we can mention the in-

vestigations by E. S. Osternik [29], O. F. Ryabov [30], A. G. Teregulov [31], A. P. Prusakov [32], and Ya. M. Grigorenko [33].

The equations for layered shells were deduced by O. F. Ryabov [30]. Although, as in the Ambartsumyan theory, the

law of variation in the transverse tangential stresses is the same as in the classical theory, the shears in the orthogonal directions

are characterized by derivatives of one potential function �( , )x x1 2 , termed “shear function,”
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where Gk and �k are the shear modulus and Poisson ratio of a kth layer.

The system of equilibrium equations in tractions is obtained by the variational method and includes, along with the

tractions of classical theory, the higher-order tractions corresponding to the warping of the normal due to shear strains. How-

ever, according to the Ambartsumyan proposition that the system of equilibrium equations is the same as in the classical theory,

the higher-order tractions — moments and transverse forces — are excluded from the system by the relations

M cMij ij� � , Q cQij ij� � , i j, �1, 2. (4)

Here, c is a generalized physicogeometrical characteristic of the layer package, which reflects the ratio of shear and bending

stiffnesses. By doing so, the order of resolving equations is retained the same as in the theories mentioned previously (six for

plates and ten for shells).

Already before the appearance of the above-mentioned studies, in analyzing the Reissner theory of medium-thick

plates, A. L. Gol’denveizer [28] indicated that “... it is based on hypotheses reflecting phenomena which occur away from the

edge of a plate,” which is associated with the linear law for normal tangential stresses and displacements (the hypothesis of

straight line). The Ambartsumyan theory, as well as later theories, actually has inherited these “phenomena,” since, although it

takes into account the nonlinear variation in tangential displacements (the consequence of transverse shears), it does not reflect

this fact in the system of tractions and in equilibrium equations. Therefore, as mentioned by A. L. Gol’denveizer, the refine-

ments introduced “are meaningless” and, in a proper use of the nonlinear law for tangential displacements across the plate

thickness, the higher-order tractions which correspond to the warping of the normal must also be allowed for. O. F. Ryabov de-

termined these tractions, but excluded them by formulas (4) from the system of equations, thereby retaining the discrepancy be-

tween the displacements (geometrical model) and the system of internal forces. This discrepancy is manifested in the results

obtained: the displacements (deflections) are refined, but the stresses either remain the same as in the classical theory or are re-

fined only slightly.

The generalized theory of first approximation. To remove the above-mentioned contradictions, iterative theories

(the first iteration) were elaborated, where a complete agreement between the nonlinear distribution of tangential displace-

ments, the system of internal forces, and equations for them was achieved. It can be said that the iteration is brought to a logical

completeness — the generalization of the geometrical and static parts of the theory. These theories are called generalized. Such

theories were constructed by A. O. Rasskazov [34] and the present author [35] for layered shells and by A. N. Andreev and

V. V. Nemirovskii for anisotropic layered plates [36].

In [34], a theory of layered orthotropic shells is formulated based on the following static hypothesis for transverse tan-

gential and normal stresses:
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(5)

which vary across the thickness of the layer package according to the classical theory. For transverse normal stresses, the hy-

pothesis

� � � � �
33

1 1
1 2

( ) ( ) ( , )k mq
h z

h
q

h z

h
z�

�
�

�
�� � �

(6)

4



was assumed. A kinematic hypothesis for the transverse compression strains due to the Poisson effect was also introduced:

e f zk
33 3 3 3 1 2
( )

,
( ) ( , )� � � � � . (7)

Here, the functions � � �s ( , )1 2 , s= 1, 2, 3, and� � �( , )1 2 are the sought-for quantities; f z( )and �( )z are given so as to satisfy

the conditions on the external surfaces z hm� �1 and z h� � 1, where the loads q� ( , )� �1 2 operate, and the conditions of a

“rigid” interlaminar contact. The equilibrium equations, the boundary conditions, and the relations of elasticity are obtained

from the Reissner variational principle. The order of the system of resolving equations is 16 for shells and 12 for plates, but,

without account of compression (the shear theory), it is 12 and 10, respectively, which is two orders of magnitude higher than in

the above-mentioned theories. The increased order is due to the consistency of the system of tractions with the nonlinear (cu-

bic) law of changes in tangential displacements across the thickness of the layer package. This theory is generalized to vibration

and stability problems and is described in detail with applications by A. O. Rasskazov et al. [37].

In [35], a dynamic theory is constructed for layered transversely isotropic shells and plates. The hypothesis for trans-

verse tangential stresses is assumed similar to (4), but supplemented with an assumption for transverse normal stresses, which

are determined, with regard for Eq. (4), from the three-dimensional equations of motion. Based on these hypotheses, the fol-

lowing expressions for displacements in a kth layer are obtained:

u u w z z z
i
k

i i i k p i pk
( )

, ,( ) ( )� � � �� � � �1 1 ,

(8)

u w zk
p pk3

( ) ( )� � � � (i = 1, 2, p = 1, ..., 5).

In this case, � s x x t( , , )1 2 , s = 1, 2, 3, are the sought-for potential functions of shear, transverse compression due to the Poisson

effect, and dynamic compression due to the normal inertial forces, respectively, and

� 4
2

� �
�� �q q

, � 5
2

� �
�� �q q

(9)

are given functions which take into account the transverse compression caused by the applied normal loads q x x t� ( , , )1 2 . The

nonlinear distribution functions for displacements across the thickness of the layer package, � �pk pkz z( ) ( ),� 3 , satisfy the

conditions of “rigid” contact of layers and conditions on the external surfaces. The system of resolving equations of motion, ob-

tained from the Ostrogradskii–Hamilton principle, agrees completely with geometrical model (8) and has a general order of 20

(16 for plates). The increased order, compared with that of the theory [34], is caused by a more complete account of transverse

compression — not only from the Poisson effect, but also from the applied external loads and the normal inertial forces (dy-

namic compression). Static variants of this theory, which take into account the tangential loads and the physical nonlinearity, as

well as its realization by the finite-element method, are presented in the books by V. G. Piskunov with co-authors [38, 39].

As a development of these studies, in [40], a shear model for anisotropic plates was constructed with regard for all

links between the geometrical relationships and the physicomechanical characteristics of materials. The number of required

functions was increased from two to four. This was due to the fact that, in the expressions of Hooke’s law, both the basic and

secondary characteristics of rigidity were taken into account. Accordingly, the order of the system of resolving equations in-

creased from 8 to 12.

The shear theory of first approximation for anisotropic layered plates and shells is presented in [41]. This theory has

the following features: regard for all links of geometrical relations with the physicomechanical characteristics of anisotropic

layers, account of normal and tangential loads, and a reasonable level of complexity, which does not exceed the complexity of

the theory of orthotropic layered systems.

The resolving equations were obtained by the variational method: they are seven in number, and their general order

is 16. The solution of these equations is presented in double trigonometric series for two particular cases where its realization is

possible based on boundary conditions, the structure across the thickness, and the geometry of the shell.
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The first case concerns plates with freely supported edges, where tangential displacements are possible along the nor-

mal to the edges but are impossible along them. This case can be realized for a shell with a double positive Gaussian curvature

(with a reinforcement orthogonal to the edges) under a cosinusoidal-sinusoidal tangential load.

The second case concerns plates with hinge-supported edges, where tangential displacements are impossible along the

normal to the edges but are allowed along the edges. This case is realized for a shell with a negative Gaussian curvature (an-

gle-ply layers antisymmetric across the thickness) under a cosinusoidal-sinusoidal tangential load. The numerical results for

this case agree with the three-dimensional solution [42].

We should mention yet another refinement of the shear model of first approximation for anisotropic layered plates and

shells. In [43], the effect of tangential (planar) components of strains in the hypotheses for transverse shears is taken into ac-

count. As a result of this, the number of required functions increases and the system of resolving equations has a rather high or-

der, which is 20 for plates if all links with the physicomechanical characteristics of the materials are considered.

A feature of the model of layered orthotropic plates presented in [44] by A. V. Marchuk is the expression of the com-

ponents of stress-strain states in terms of the sought-for functions of tangential and normal displacements on two (upper and

lower) faces. This offers a possibility of dividing the structure across its thickness into homogeneous or layered strips, which

are linked together by contact conditions. Each of the strips is described by its own system of differential equations. In such a

way, the continuous-structural theory is generalized to a discrete-structural one, which allows us to take into account the struc-

tural features of the parts of the system and to increase the accuracy of results.

Iterative theories of second approximation. As a development of the theory of orthotropic shells and plates de-

scribed in [34], a nonclassical model of stress-strain state of a higher (second) approximation is constructed in [45]. In formu-

lating this model, the equilibrium equations are integrated once again with account of the tangential stresses of the shear model

of first approximation. As a result, a refined expression

� � �i i i i i
F z x x F z x x3

1 1
1 2

2 2
1 2� �( ) ( ) ( ) ( )( ) ( , ) ( ) ( , ), i = 1, 2,

(10)

compared with that in the model of first approximation, is obtained for transverse tangential stresses, where �
i
( )1 and �

i
( )2 are

the sought-for shear functions of first and second approximations; F
i
( )1 and F

i
( )2 are the given functions of stress distribution

across the thickness, which are polynomials of second and fourth degrees. The tangential displacements include functions of

first, third, and fifth degrees of the normal coordinate z, which characterize the distributions of these displacements according

to the classical model (zero approximation, M0) and the models of first (M1) and second (M2) approximations, respectively. In

this case, the number of independent sought-for shear functions increases from two to four and the order of the system of re-

solving equations from eight to twelve for plates and from twelve to sixteen for shells.

This model was developed and used in [46-48] for investigating the shear (vortical and potential) effects and other fea-

tures of the stress-strain state of orthotropic layered plates and shells. The result of the nonclassical theory of second approxi-

mation M2 is the sum of the basic stress state (classical theory, M0) and self-balanced states which describe the potential shear

effects in the first (M1) and second (M2) approximations. The total value agrees with the three-dimensional solution (MT). A

shear-compliant interlayer makes it possible to model the delamination of such structures.

A comparison of models M1 and M2 with the three-dimensional theory shows that, even for a thin three-layer plate,

the results obtained according to model M1 only slightly react to the growth in the ratio G G� of shear moduli in the tangential

and normal directions, whereas the value of this ratio for which model M2 is applicable increases by about an order of magni-

tude compared with that for M1. This effect is associated with the fact that, for model M2, the distribution functions of tangen-

tial displacements and stresses are polynomials of a higher degree and contain not only the first but also the second degrees of

G G�. Thus, this theory makes it possible to expand the application field of shear models considerably.

In [49], the hypothesis (10) of the shear model of second approximation is supplemented by hypotheses for transverse

normal stresses in the form

� ���
� �k k kF z q x x F z x x� �

3 1 2 5 5 1 2
( ) ( )( ) ( , ) ( ) ( , ),

(11)
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where F k
3
( ) and F k

5
( ) are given functions — polynomials of the third and fifth degrees in z; q q q� �� �( ) 2 is the load func-

tion, and �5 is the sought-for displacement function, which is associated with account of the transverse compression. Accord-

ingly, the tangential displacements are complemented with functions of the fourth and fifth degrees of the coordinate z. In the

same study, a special model of nonflexural deformation of layered plates under bilateral symmetric compression was con-

structed, which, in combination with the shear model of flexural state (caused by the antisymmetric component of the bilateral

loading), gave the results close to the exact three-dimensional solution.

One branch of the iteration theory is based on a generalization of the Timoshenko theory [1]. Its refinement was dis-

cussed by V. V. Vasil’ev [50]. Previously, R. B. Rikards and G. A. Teters [51] extended this model to the problems on the sta-

bility and vibrations of composite shells. E. I. Grigolyuk and G. M. Kulikov [52] developed this model for multilayer reinforced

shells, by suggesting criteria for determining the shear coefficient of a layered composite system, and applied it in calculating

pneumatic tires.

One more generalization of the Timoshenko theory was made by A. S. Sakharov et al. [53]. The displacements across

the thickness of a layered shell were described by two iterations (approximation steps). The first was based on the hypothesis of

straight line for the whole package of layers and the second introduced this hypothesis in a layerwise manner (the hypothesis of

polygonal line). A development of this direction is the iterative-analytical procedure of constructing resolving relations for lay-

ered systems described in the monograph by V. A. Bazhenov and co-authors [54]. This procedure is based on the principle of

stationary total energy of deformation. Each iteration include two successive steps, consisting in minimization of the functional

of total energy with respect to the unknown displacements and the unknown functions of reduction, respectively. The first step

is realized numerically and the second one analytically, which leads to an efficient computing process. Along this line, the mod-

eling of failure processes (delamination) in multilayer composite shells was also developed.

Iterative theories of higher approximations. In [55], the Ambartsumyan iteration method was developed by formu-

lating a general iterative principle of constructing two-dimensional mathematical models for physicomechanical processes in

layered structural systems. For the problems of bending of layered shells and plates, this principle reads as follows: the distribu-

tion law of transverse stress-tensor components for an mth iterative step (the model of mth approximation) is deduced by inte-

grating the equilibrium equations of the three-dimensional theory of elasticity with regard for the tangential stress-tensor com-

ponents obtained from the previous, (m�1)th, step. This is the Ambartsumyan–Piskunov iterative principle.

Based on this formulation, in [56], an iterative shear theory of arbitrary mth approximation is constructed, where the

transverse tangential stresses in a layer k of a shallow anisotropic shell or plate are given by

� � �
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s is
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s
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M
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, i = 1, 2,
(12)

where f z
is
k

m1
( ) ( ) and f z

is
k

m2
( ) ( ) are the variation laws for transverse tangential stresses across the shell thickness (for example,

piecewise parabolic functions of second, fourth, and sixth orders in the first, second, and third iterative steps, respectively);

�1s jm
x( )and � 2s jm

x( )are the sought-for shear functions (the functions of the surface of reduction, j = 1, 2). The system of re-

solving equations, obtained by the variational method from Eq. (12), has a general order of 4 2 2 1( )� �M . In some cases, for

anisotropic layered plates, only models of sufficiently high, third or fourth, approximation yield results agreeing with the

three-dimensional solution.

The iterative shear model of arbitrary mth approximation is presented in [57, 58] for piecewise heterogeneous compos-

ite beams. The hypothesis for transverse tangential stresses, obtained according to the above-described iterative principle, in

the (m�1)th iterative step, has the form
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�
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Hereinafter, p m�1,... , , r p� , and s � �. Summation is performed over the indices p and s.
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By taking into account the hypothesis assumed, the expression for longitudinal displacements takes the form

u x z u x
dw x

dx
z

d x

dx
zm z

p
pk( , ) ( )

( )
( )

( )
( )� � � �"

�
� � �

�

�
�
�

�

 
!
!

�

�

�
� �

qk
s

p qk
s

p

r xz
sz z

d

dx
q x( ) ( ) (

( )

( )

( )1

2 1

2 1
),

(14)

where the distribution functions of displacements, from the level of the coordinate surface z z� " , are

� �
"

pk pk

z

z z dz

z

( ) ( )� �� , � �
"

qk
s

qk
s

z

z z dz

z

( ) ( )� �� ,

� �
"

( ) ( )
( ) ( )

p qk
s

p qk
s

z

z z dz

z

� �� ��1 1
,

(15)

and the longitudinal strains at an arbitrary mth iteration are

# "
�

�mx z
p

pkx z
du x

dx

d w x

dx
z

d x

dx
z( , )

( ) ( )
( )

( )
( )� � � �

2

2

2

2
� �
�

�
�
�

�

 
!
!

�

�

�
� �

qk
s

p qk
s

p

r

xz
s

z z
d

dx

dq
( ) ( )

(
( )

( )

( )1

2 1

2 1

x

dx

)
, (16)

� #mx k mxx z E x z( , ) ( , )� . (17)

As a result of the mth iteration, the transverse tangential stresses are

�
�

mxz
p

px z
d w x

dx
f z

d x

dx
f z( , )

( )
( )

( )
( )� �

3

3 0

3

3
� �
�

�
�
�

�

 
!
!

f z f z
d

dx
q xq

s
pq
s

p

r xz
s( ) ( ) ( )

2

2
.

(18)

Thus, we have obtained the relations of a nonclassical iterative model of mth approximation for the stress-strain state,

which takes into account the transverse shear strains and the direct influence of an external tangential load.

Comparative results. Conclusions. Let us compare some results from the theories considered in this study.

Bending of a three-layer beam. Experiment. In discussing the results of calculations by the nonclassical theory, there

arises a question on the necessity of its application if the simple relations of classical theory are available. Apparently, this

question can be answered experimentally. The experimental data known in the literature, for example in [37, 59], confirm the

necessity of using the nonclassical theory for structures with a poor resistance to shear strains. Such structures are primarily

three-layer systems.

We will present the results of a typical experiment described by E. S. Osternik in [59] for a three-layer beam (Fig. 1a).

The outer layers are made of steel (E1 = 1.98 $ 10
5

MPa and�1 = 0.3) and the inner one is of plexiglas (E2 = 3.87 $ 10
3
MPa and

�2 = 0.35); the span l = 0.488 m, which corresponds to its ratio to the overall thickness l h = 10.2; the load of intensity q =

4.905 kN/m is evenly distributed over the whole beam.

By using the method of micrometry, a unique investigation of the distribution of tangential displacements over the

height of cross sections, i.e., of the deformations of a normal element, was performed. In the cross section at one quarter of the

span, in each layer, 17 reference points were fixed, which made it possible to describe the nonlinear dependence of displace-

ment distribution (Fig. 1b). The maximum experimental error was 20%, which approximately corresponds to the discrepancy

between the experimental data and the theoretical values of tangential displacements obtained from the nonclassical theory (at

the given parameters of the beam, the first and second approximations give identical results). In this case, the greatest theoreti-

cal displacements on the outer surfaces of the beam practically coincide with the experimental ones. The classical theory gives

underestimated values for these displacements.

The theoretical normal displacements agree with the experiment (Fig. 1c). Two series of tests for the sag gave a 1.2%

discrepancy with the experiment. The shear effect, determined by the ratio between the deflections according to the

8



nonclassical and classical theories, is equal to 1.6. Thus, the poor resistance to shear strains makes it necessary to apply the

nonclassical theory.

Bending of a homogeneous anisotropic beam. The effect of shear strains in composite systems is manifested depend-

ing on their structure, the physicomechanical characteristics of materials, the conditions of fastening, the type of a load, etc. De-

pending on the extent of this effect, models of a certain degree of approximation (iteration) are utilized.

Let us show the formation of the calculation results based on the iteration process for the problem of bending of a ho-

mogeneous anisotropic (transversely isotropic) beam rigidly fixed at its ends. The elastic modulus of the fibrous material of the

beam along its axis (along the fiber stacking) is E = 10
4

MPa and its ratio to the transverse shear modulus is E G� = 20. Such

characteristics are close to the properties of wood. The beam has a rectangular cross section h b% = 0.2 % 0.1 m and a span of l =

1.2 m (l h = 6). A load of intensity q = 30 kN/m is evenly distributed over the beam.

The results of calculating such a beam are presented in [57]. It was found that, in the zones of fixation, great distur-

bances of the stress state arise, which can be described by the nonclassical theory. In addition to the analysis of these results, we

will show, based on the iteration process, the formation of stresses in the disturbance zone.

Figure 2 shows the curves of longitudinal normal and transverse tangential stresses in the cross section at a distance

x l� 50 from the fixation point. They are formed as follows. The stresses obtained from the classical theory (zero iteration,

M0), in each iteration step, are supplemented with the stresses generated by the “constraint” of shear strains and balanced over
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the height of cross sections. With increase in iterations from M1 to M3, the contribution of the balanced stresses decreases —

the iteration process converges. The contribution of the fourth iteration (M4) is negligibly small.

A comparison between the curves of normal and tangential stresses in each iteration step and the summary curves

shows that the known differential dependence is obeyed between each pair of stresses. By comparing the summary curves for

the respective iteration steps, it was found that the first iteration (M1) “diverts” the results away from the final ones: it overesti-

mates the normal stresses in the external fibers z h� � 2and gives three zero values and two extremes of these stresses; in turn,

the tangential stresses manifest three extremes and are much overestimated compared with their final values. The second itera-

tion (M2) stabilizes the results, removes the extremes of normal stresses, and “smoothes out” the extremes of tangential

stresses. The third iteration (M3) finally corrects the results.

Bending of two- and three-layer beams. We will present the results of higher iterations for two- and three-layer

hinge-supported beams, whose transverse cross sections are shown in Fig. 3. The ratio between the span of the beam and

10
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Fig. 2. Normal (at the top) and tangential (at the bottom) stresses in the cross section

x l� 50of a transversely isotropic beam with fixed ends.
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its total height (l h) is varied. The deflections from a normal sine-shaped load with an amplitude of q = 50 kN/m are given

in Table 1.

The zero iteration corresponds to the classical theory. In this case, the deflections are much smaller than those obtained

from the nonclassical theory. For the case l h = 5, the difference between the first and subsequent iterations is insignificant.

With decrease in the relative span, the distinction between the first and subsequent iterations increases. The third iteration con-

firms the adequate accuracy of the second one for the structures considered. This conclusion is verified by the stress curves

(Fig. 4) for the two-layer beam: of the normal stresses in the middle cross section and the tangential ones in the extreme cross

sections. These curves show that the first iteration overestimates the greatest stresses compared with the second and subsequent

iterations. The classical theory gives underestimated values of stresses.

Vibrations of a three-layer plate. Very typical are the results of comparison for a three-layer plate having a lightweight

core, which are shown in Fig. 5 by the curves of dimensionless squared frequencies of natural flexural vibrations,

' �10 23 2 2
2

2
2( � )l G .

11

TABLE 1. Deflections of Two- and Three-Layer Beams. Results of Three Approximations

Scheme of a beam
Approximation

(iteration)

Relative span l h

5 3 2

Two-layer M0 1.739 $ �10 3 2.254 $ �10 4 0.445 $ �10 4

M1 2.879 $ �10 3 5.482 $ �10 4 1.457 $ �10 4

M2 2.927 $ �10 3 6.115 $ �10 4 2.024 $ �10 4

M3 2.927 $ �10 3 6.117 $ �10 4 2.028 $ �10 4

Three-layer M0 0.509 $ �10 3 0.675 $ �10 4 1.334 $ �10 5

M1 3.491 $ �10 3 8.652 $ �10 4 2.503 $ �10 4

M2 3.533 $ �10 3 9.250 $ �10 4 3.067 $ �10 4

M3 3.534 $ �10 3 9.251 $ �10 4 3.069 $ �10 4

� �10 5 0 5 10

z, cm

M2, M3M1

�( ), MPaz

Classical theory Classical theory

6

3

0

3

6

�

�

z, cm

M2, M3

M1

�( ), MPaz

Fig. 4. Distribution of normal and tangential stresses along the height of the cross section

of a two-layer beam.



The ratios between the half-wave length of the vibration form and the total thickness of the plate, l h, are varied at the

following characteristics of the load-carrying layers and the core: thicknesses 2 1h = 0.1h and h2 = 0.9h, shear moduli

G G1
3

210� , densities� �1 210� , and Poisson ratios�1 = 0.3 and�2 = 0. We should note that the discrepancy between the geo-

metrical model and the systems of tractions makes the results close to the data based on the hypothesis of straight line

(Timoshenko theory). A characteristic feature of these results is the fact that the frequencies prove to be “insensitive” to a de-

crease in the half-wave length at l h < 8 and, thus, these solutions are unsuitable for higher vibration forms.

The generalized theory of first approximation (M1), for which such a correspondence has been stated, yields results

close to the results of the three-dimensional theory (MT). With increase in the order of approximation (M2, M3, and M4), the

results converge to those of the three-dimensional theory. As is seen, they are reliable up to half-wave lengths commensurable

with the total thickness of the plate (l h = 1), i.e., for higher vibration frequencies.

Bending of an anisotropic four-layer plate. Figure 6 shows the distribution of tangential displacements and transverse

tangential stresses across the thickness of a four-layer [30*/–30*/30*/–30*] angle-ply square plate with a h = 4. The results for

models M1, M2, and M3 are given, which are compared with the exact three-dimensional solution (MT) obtained by the

method described in [42]. The data for M3 practically coincide with MT. The antisymmetric reinforcement leads to tangential

displacements u a1 2 0( , ) symmetric across the thickness, and antisymmetric tangential stresses �13 2 0( , )a in the middle of

the sides of the plate in their direction. For the displacements u1, the models of first and second approximations give not only

quantitative but also qualitative discrepancies with the third approximation and the exact solution.

Thus, in this study, the development of an iterative analytical theory in the mechanics of layered composite systems is

described. The division of this theory into two principal directions, namely discrete-structural and continuous-structural, is

mentioned. The Ambartsumyan fundamental iteration theory, which belongs to the second direction, is described. The formu-

lation of the generalized iteration theory of first approximation is shown, in which the discrepancy between the kinematic and

static models is removed. The formulation of the theory of second approximation is given. For constructing nonclassical theo-
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ries of higher approximations, an iterative principle is presented. Based on this principle, theories for anisotropic composite

shallow shells, plates, and beams are formulated. The comparative results of calculating different layered systems reveal a nec-

essary degree of iteration.
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